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Introduction

Motivation

@ Pattern matching and text compression algorithms: Detection
of repetitions in a string

@ Tandem repeats: Biological and medical significance

@ Information equivalence between DNA strands

@ Relatively prime numbers
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Structure of DeoxyriboNucleic Acid

Sugar Phosphate
Backbone

Nitrogenous
Bases
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Notations

@ > :- Alphabet

@ )\ :- Empty word

@ A mapping 6 : X* — X* is said to be a morphism if
O(uv) = 0(u)f(v), an antimorphism if O(uv) = 0(v)0(u), and
an involution if 8(8(u)) = u for all u,v € X*.

@ |u|,:- Number of occurrences of ae L inue Xt

° |ulap(a) = |ula+ |uloca)
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Primitive Words

A word u € ¥ is said to be primitive if u = x™ for x € ¥
implies m =1 and u = x.
A(u): The primitive root of u
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Primitive Words

A word u € ¥ is said to be primitive if u = x™ for x € ¥
implies m =1 and u = x.

A(u): The primitive root of u

6-Primitive Words (Czeizler et al.)

A O-power of u is a word of the form wuyup - - - u, for some n > 1,
where u; = v and u; € {u,0(u)} for 2 <i<n.

A word is said to be f-primitive if it's not a §-power of another
word.

po(u): O-primitive root of u

Qp: Set of all f-primitive words

N

Manasi S. Kulkarni Workshop on Words and Complexity



Primitive Words

A word u € ¥ is said to be primitive if u = x™ for x € ¥
implies m =1 and u = x.
A(u): The primitive root of u

6-Primitive Words (Czeizler et al.)

A O-power of u is a word of the form wuyup - - - u, for some n > 1,
where u; = v and u; € {u,0(u)} for 2 <i<n.

A word is said to be f-primitive if it's not a §-power of another
word.

po(u): O-primitive root of u

Qp: Set of all f-primitive words

| A\

Example

Let X = {A,C, G, T} and 6 be an antimorphic involution such
that 0(A) = T, 6(G) = C and vice versa. Then u; = ATT is not
f-primitive, however u; = ACTG is a f-primitive word.
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Relative #-Primitivity

Let u,v € £* and let 6 be an (anti)morphic involution on X*.
Then (u, v)y is defined as:

(. v)y = X ifpg(u). =po(v) =x, xe Xt
A otherwise
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Relative #-Primitivity

Let u,v € £* and let 6 be an (anti)morphic involution on X*.
Then (u, v)y is defined as:

(. v)y = X ifpg(u). =po(v) =x, xe Xt
A otherwise

If (u,v)p = A, then u and v are said to be relatively 0-primitive
words, denoted by u Lg v.
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Relative #-Primitivity

Let u,v € £* and let 6 be an (anti)morphic involution on X*.
Then (u, v)y is defined as:

(. v)y = X ifpg(u). =po(v) =x, xe Xt
A otherwise

If (u,v)p = A, then u and v are said to be relatively 0-primitive
words, denoted by u Lg v.

For x € T, if pg(u) = pg(v) = x, then u and v are not relatively
f-primitive, denoted by u /g v.
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Example

Let ¥ = {a, b, c} and 0 be an antimorphic involution such that
0(a) = b and vice versa, and 6(c) = c. Let u = abccababc,

vi = abcc, vo» = abcabc. Then

(u, v1)p = (abccababc, abcc)g = A, i.e., u Lg vy.

(u, va)g = (abccababc, abcabc)y = abc, since,

po(u) = pe(wv2) = abc, ie., u Lo vo.
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Equivalence Relation Properties

Let 6 be an (anti)morphic involution over ¥*.

The relation Ly is symmetric on ¥* and transitive on Qy. However
the relation Ly is not reflexive on X*.
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Equivalence Relation Properties

Let 6 be an (anti)morphic involution over ¥*.

The relation Ly is symmetric on ¥* and transitive on Qy. However
the relation Ly is not reflexive on X*.

The relation [t is an equivalence relation on X+. J
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Associativity and Commutativity

Associativity

For (anti)morphic involution 6 over ¥*, and u,v,w € ¥,
((U, V)97 W)9 = (U, (V) W)9)9
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Associativity and Commutativity

Associativity

For (anti)morphic involution 6 over ¥*, and u,v,w € ¥,
((U, V)97 W)9 = (U, (V) W)9)9

For u,v € ¥, u is said to f-commute with v if uv = 0(v)u.

Let & be a morphic involution over ¥* and u,v,w € ¥ be such
that vw = 6(w)v. Then,

Q@ uly{v,0(v)} impliesu Lgw
Q@ uly{w,f0(w)} impliesu Ly v
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Associativity and Commutativity

Associativity

For (anti)morphic involution 6 over ¥*, and u,v,w € ¥,
((U, V)97 W)9 = (U, (V) W)9)9

For u,v € ¥, u is said to f-commute with v if uv = 0(v)u.

Let & be a morphic involution over ¥* and u,v,w € ¥ be such
that vw = 6(w)v. Then,

Q@ uly{v,0(v)} impliesu Lgw
Q@ uly{w,f0(w)} impliesu Ly v

Does not hold for an antimorphic involution!
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Words with Common 6-Primitive Root

For words u and v, uv = vu if and only if u and v share the
common primitive root
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Words with Common 6-Primitive Root

For words u and v, uv = vu if and only if u and v share the
common primitive root

| \

Proposition
Let # be a morphic involution over X* and let u,v € XT. If for
some x € ¥ we have that (uv, vu)y = x then (u,v)y = x, and
conversely.
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Decidability

Let 6 be (anti)morphic involution over ¥* and u,v € £ be two
words with u # v. It is decidable, in ©(n?/g n) time, whether
u Lg v, where n = max{|ul,|v|}.
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I_g,)\(X) = {W € Z*‘W Ly X}
Lo(x) = {w € T¥|w Ly x}



Language Properties

Loa(x) ={w € T¥|lw Ly x}
Lo(x) = {w € Z¥|w Lg x}

For a given (anti)morphic involution 6 and x € ¥, the languages
Lp(x) and Lg x(x) are regular.
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Binary Word (BW) Operation - #-catenation

For (anti)morphic involution # on ¥* and two words u, v € L*, the
binary word operation of #-catenation is defined as

uev=-{uv,uf(v)}
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Binary Word (BW) Operation - #-catenation

For (anti)morphic involution # on ¥* and two words u, v € L*, the
binary word operation of #-catenation is defined as

uev=-{uv,uf(v)}

Proposition

Let 0 be (anti)morphic involution over ¥* and u,v € £ be such
that u Ly {v,6(v)}. Then for all x € u® v, we have that x Ly v.

Proposition

Let 6 be (anti)morphic involution over ¥* and u,v € ¥ be such
that u Lg v. Then for all x € u ® v, we have that x Ly v.

A\
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BW Operation - Shuffle

Given u,v € T, their shuffle u LU v is defined as the set of all
words of the form wuqvq - - - ug vk such that
U=ug---Ug,v=uvy v where uj,vi € X* for 1 <i < k.
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BW Operation - Shuffle

Given u,v € T, their shuffle u LU v is defined as the set of all
words of the form wuqvq - - - ug vk such that
U=ug---Ug,v=uvy v where uj,vi € X* for 1 <i < k.

Proposition

Let 6 be (anti)morphic involution over ¥*, and let u,v € £ such
that u Ly v, |u| = |v|, and there exists a € ¥ such that
lula6(2) = [V]a6(a)- Then (uwiv) Lo {u,v}.
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BW Operation - Perfect Shuffle

Given u,v € T, their perfect shuffle u LU, v is defined as the set
of all words of the form a;b; - - - axby such that
Uu=ay---ak,v=>by-- by where a;,bj € £* for 1 < i < k.
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BW Operation - Perfect Shuffle

Given u,v € T, their perfect shuffle u LU, v is defined as the set
of all words of the form a;b; - - - axby such that
Uu=ay---ak,v=>by-- by where a;,bj € £* for 1 < i < k.

A word w € X7 is said to be a #-palindrome if w = 6(w) for
antimorphic involution 6.

Manasi S. Kulkarni Workshop on Words and Complexity



BW Operation - Perfect Shuffle

Given u,v € T, their perfect shuffle u LU, v is defined as the set
of all words of the form a;b; - - - axby such that
Uu=ay---ak,v=>by-- by where a;,bj € £* for 1 < i < k.

A word w € X7 is said to be a #-palindrome if w = 6(w) for
antimorphic involution 6.

Proposition

Let @ be an antimorphic involution over ¥*, and let u,v € ¥ be
two equi-length 0-palindromes. If u Ly v, then u L, v cannot be a
0 palindrome.
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ulovs O(u) Lg O(v) J




Observation

ulgvs O(u) Lo 6(v)

Holds for morphic involution
Doesn’t hold for antimorphic involution
Counter example: u = x6(x)x, v =6(x)x. Then u Ly v; but

0(u) Lo 0(v)
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Observation

ulgvs O(u) Lo 6(v)

Holds for morphic involution
Doesn’t hold for antimorphic involution
Counter example: v = x6(x)x, v = 0(x)x. Then u Ly v; but

0(u) Lo 0(v)
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Observation

ulgvs O(u) Lo 6(v)

Holds for morphic involution
Doesn’t hold for antimorphic involution
Counter example: u = x6(x)x, v =6(x)x. Then u Ly v; but

0(u) Lo 0(v)

(u,v)g = x = (B(u),0(v))g = O(x)

Holds for morphic involution

Doesn't hold for antimorphic involution

Counter example: u = x0(x), v = x Then (u,v)y = x; but
O(u) Ly O(v).
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Future Work

o Relative O-primitivity in set - pairwise relatively 6-primitive
e Notion of (strong) relative f-primitivity
@ Studying other BW operations
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Proposition (Gawrychowski et al.)

Let 6 : ¥* — X* be an (anti)morphism and w € X* be a given
word with |w| = n.

© One can identify in time O(n35) the triples (i, j, k) with
wli..j] € {t,0(t)}* for a proper factor of t of wli..j].

@ One can identify in time O(n?k) the pairs (i, ) such that
wli..j] € {t,0(t)}* for a proper factor t of wl[i..j], when k is
also given as input.

For a non-erasing 6 we solve (1) in ©(n?) time and (2) in ©(n?)
time. For a literal 6 we solve (1) in ©(n?/g n) time and (2) in
O(n?) time.
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